Abstract. We initiate the study of Cartan subalgebras in C*-algebras, with a particular focus on existence and uniqueness questions. For homogeneous C*-algebras, these questions can be analysed systematically using the theory of fibre bundles. For group C*-algebras, while we are able to find Cartan subalgebras in C*-algebras of many connected Lie groups, there are classes of (discrete) groups, for instance non-abelian free groups, whose reduced group C*-algebras do not have any Cartan subalgebras. Moreover, we show that uniqueness of Cartan subalgebras usually fails for classifiable C*-algebras. However, distinguished Cartan subalgebras exist in some cases, for instance in nuclear Roe algebras.
Introduction
The construction of groupoid C*-algebras is an extremely powerful and general method to produce C*-algebras. Many C*-algebras admit descriptions as groupoid C*-algebras, either directly by construction or indirectly by -often explicitly given -identifications. Having groupoid models at hand is very helpful to analyse the C*-algebraic structure, be it for determining ideals, for nuclearity, computing K-theory, the UCT etc. With this in mind, it is natural to ask the following questions: Which C*-algebras admit groupoid models? And to what extent are these groupoid models unique? As we shall explain below, these two questions are closely related to the existence and uniqueness questions for Cartan subalgebras in C*-algebras.
Our goal in this paper is to initiate a systematic study of Cartan subalgebras in C*-algebras, with a particular focus on existence and uniqueness. Classification of C*-algebras has seen tremendous advances recently [66, 67, 34, 35, 55, 22, 14, 62] . However, finer structures given by Cartan subalgebras have not yet been analysed in detail. Apart from being of interest for C*-algebra theory itself, the notion of Cartan subalgebras also builds a bridge to topological dynamical systems, as it is closely related to the notion of continuous orbit equivalence [30] . The latter, in turn, establishes a connection to geometric group theory via dynamic characterizations of quasi-isometry [32] . The loop is closed by the observation in Theorem 6.2, building on [57, 32] , that quasi-isometry can also be characterized using Cartan subalgebras in Roe algebras. * r (G, Σ), C 0 (G (0) )), where the groupoid G is as above, G (0) is its unit space and Σ is a twist over G. The case when G is an equivalence relation had been worked out earlier by A. Kumjian: G has no isotropy if and only if the subalgebra B has in addition the unique extension property; then it is called a diagonal. The original definition of a Cartan subalgebra in the theory of vN-algebras is an abelian subalgebra A of a vN-algebra M which is a masa, regular and there exists a faithful normal contional expectation of M onto A. The generic Cartan pair is (M, A) = (M(R, σ), L ∞ (X)), where R is a countable standard measured equivalence R on X and σ is a 2-cocycle (see [17] ). Existence and uniqueness of Cartan subalgebras in vN-algebras is an active field of research [64, 40, 41, 42, 46, 47, 3] . The examples presented in this paper will show that the investigation of Cartan subalgebras in C*-algebras is no less interesting. It turns out that, unless a C*-algebra contains a Cartan subalgebra from its very construction, showing the existence of a Cartan subalgebra involves a variety of techniques. It will also turn out that, when Cartan subalgebras exist, there are usually infinitely many of them, at least in case the big C*-algebra is classifiable. Let us briefly describe the content of the paper section by section.
The second section studies Cartan subalgebras in n-homogeneous C*-algebras. When n is finite, it is shown that a Cartan pair is necessarily locally trivial. This puts the 2 problem into the general theory of fibre bundles: the n-homogeneous C*-algebra A admits a Cartan subalgebra if and only the principal Aut(M n )-bundle associated to A can be reduced to the subgroup Aut(M n , D n ). Using this theory, we give a complete enumeration of Cartan subalgebras of an n-homogeneous C*-algebra over a k-sphere. This gives a conceptual explanation of the result of K.D. Gregson [23] and T. Natsume (see appendix of [29] ) that for k > 2, only the trivial n-homogeneous C*-algebra C(S k , M n ) admits a Cartan subalgebra; moreover, our study shows that this Cartan subalgebra is essentially unique. A similar study is made when n is infinite, under the assumption that the pair (A, B) is locally trivial.
The third section gives the existence of Cartan subalgebras in group C*-algebras of certain connected Lie groups, building on [18, 37, 26, 63, 43] . Namely, it is shown that the full group C*-algebras of SL(2, C), SL(2, R) as well as the reduced group C*-algebras of every connected semi-simple Lie group with real rank one and finite center and of every connected complex semi-simple Lie group have a Cartan subalgebra. The proof uses the description of these C*-algebras as sub-C*-algebras of C 0 (M, K(H)), where M is a locally compact Hausdorff space and H is an infinite dimensional Hilbert space.
In the fourth section, we show that certain reduced group C*-algebras do not have Cartan subalgebras. This is in particular the case for non-abelian free groups. Here the strategy is to use the known corresponding results for the group vN-algebras [64, 24, 40, 41, 42, 46, 47, 3] . Note that some extra work is needed to show the non-existence of Cartan subalgebras rather than diagonals.
The fifth section illustrates various techniques to construct infinitely many Cartan subalgebras in a given C*-algebra. The first one uses the recent construction of Deeley, Putnam and Strung [9] of the Jiang-Su algebra Z as a groupoid C*-algebra. It applies to unital C*-algebras which have a Cartan subalgebra whose spectrum has finite covering dimension and which are Z-stable. The second one, described by A. Kumjian in [28] , uses non-stable K-theory and applies to irrational rotation C*-algebras. In both cases, the Cartan subalgebras are shown to be non-isomorphic. The last result is that unital (resp. stable) UCT Kirchberg algebras have infinitely many inequivalent Cartan subalgebras which are all isomorphic to the algebra of continuous functions on the Cantor space (or its locally compact non-compact analogue). It relies on a groupoid realisation of these algebras due to J. Spielberg [58] .
The phenomena presented in Section 5 show that in general, we cannot expect Cartan subalgebras in C*-algebras to be rigid, i.e., uniqueness fails. However, it turns out that in some cases, we can find distinguished Cartan subalgebras. This means that within a class of C*-algebras, there are special Cartan subalgebras which are distinguished in the sense that the existence of an arbitrary C*-algebra isomorphism implies the existence of a C*-algebra isomorphism preserving our special Cartan subalgebras. In Section 6, we present such examples by combining rigidity results by Spakula and Willett [57] and by Whyte [65] with recent results of the first named author: Under the assumption that the finitely generated groups Γ and Λ are exact, the isomorphism of their stable uniform Roe algebras implies the isomorphism of their stable groupoids; if moreover Γ and Λ are non-amenable, this -and hence in particular isomorphism of uniform Roe algebras -implies the isomorphism of their groupoids.
Cartan subalgebras in homogeneous C*-algebras
Let A be a n-homogeneous C*-algebra over a locally compact Hausdorff space T . A is the C*-algebra of continuous sections of a C*-bundle A over T with fibre M n := M n (C) (see [10, 11, 12, 18] ). We know that A is locally trivial (see for instance [18, Theorem 3.2] ). Furthermore, assume that B is a Cartan subalgebra of A. Then B is the C*-algebra of continuous sections of a sub-C*-bundle B of A over the base space T . The fibres of B are given by the C*-algebra D n , which is the up to conjugacy unique Cartan subalgebra of M n (see for instance [23 
Lemma 2.1. There exists a local trivialization for (A, B). This means that for every t ∈ T , there exists a neighbourhood W of t and an isomorphism of C*-bundles
Proof. Fix t ∈ T . By local triviality, there exists an open neighbourhood V of t such that A| V is trivial, i.e., we can find an isomorphism
Using functional calculus, we can find elements b 1 , . . . , b n ∈ B and a neighbourhood W of t with W ⊆ V such that for every s ∈ W , {b 1 (s), . . . , b n (s)} are non-zero pairwise orthogonal projections. Let {ζ 1 , . . . , ζ n } be an orthonormal basis of C n with b i (t)ζ i = ζ i for 1 ≤ i ≤ n. Then we must have b i (t)ζ j = δ ij ζ i for all 1 ≤ i, j ≤ n. By replacing W by a smaller neighbourhood if necessary, we may assume that b i (s)ζ i = 0 for all 1 ≤ i ≤ n and s ∈ W . Define
Since {b 1 (s), . . . , b n (s)} are pairwise orthogonal, {η 1 (s), . . . , η n (s)} must be an orthonormal basis of C n for all s ∈ W . Moreover, b i (s)ξ = ξ, η i (s) η i (s) for all s ∈ W and 1 ≤ i ≤ n. Here ·, · denotes the standard scalar product of C n , linear in the first variable. Define the unitary operator U(s) :
. We obtain a C*-bundle isomorphism
Under this isomorphism, b i is identified with U(s)
. . , e n } is the standard orthonormal basis of C n , then
Thus, U(s) * b i (s)U(s) is the rank one projection corresponding to e i . This shows that
In the following, by a local trivialization of (A, B), we mean a covering of T by open subspaces W together with isomorphisms
2.1. Reformulation using the language of principal bundles. Lemma 2.1 allows us to reformulate the existence and uniqueness question for Cartan subalgebras using the language of principal bundles. In the following, let Aut (M n ) be the automorphism group of the C*-algebra M n , and define
As explained in [60, Part I, § 8.2], isomorphism classes of locally trivial M n -bundles over T correspond to isomorphism classes of principal Aut (M n )-bundles over T .
Proposition 2.
2. An n-homogeneous C*-algebra A has a Cartan subalgebra if and only if the principal Aut (M n )-bundle of the M n -bundle corresponding to A reduces to a principal Aut (M n , D n )-bundle.
Proof. Lemma 2.1 shows the implication "⇒": If α is the principal Aut (M n )-bundle of the M n -bundle A corresponding to A, then Lemma 2.1 shows that there is a principal Aut (M n , D n )-bundle β over T such that α is isomorphic to the principal Aut (M n )-bundles over T constructed from β and the canonical action Aut (M n , D n ) Aut (M n ) by left multiplication (see for instance [25, Chapter 4, § 5] for the construction). This is equivalent to saying that α reduces to a principal Aut (M n , D n )-bundle.
Conversely, assume that we can find a principal Aut (M n , D n )-bundle β over T such that α is isomorphic to the principal Aut (M n )-bundles over T constructed from β and the canonical action Aut (M n , D n ) Aut (M n ) by left multiplication. Now use β to construct an M n -bundle A ′ over T . As α is isomorphic to the principal Aut (M n )-bundles over T constructed from β and the canonical action Aut (M n , D n ) Aut (M n ) by left multiplication, A ′ can be identified with the M n -bundle corresponding to A. Moreover, use β to construct a D n -bundle B ′ over T . B ′ is a sub-C*-bundle of A ′ . Therefore, by going over to C*-algebras of continuous sections, we obtain a sub-C*-algebra B
′ of the C*-algebra A ′ corresponding to A ′ . B ′ is a Cartan subalgebra of A ′ because B ′ and A ′ correspond to locally trivial C*-bundles by construction, and it is obvious that for an open subspace
Given a group G and two principal G-bundles β 1 , β 2 over a base space T , we say that β 1 and β 2 are isomorphic over T if there is a bundle isomorphism between β 1 and β 2 which fixes (every point of) the base space. We say that β 1 and β 2 are isomorphic, written β 1 ∼ = β 2 , if β 1 and β 2 are isomorphic via a bundle isomorphism which is allowed to induce a non-trivial homeomorphism on T . It is the latter notion which corresponds to isomorphism of C*-algebras of continuous sections (see [10, 10.5.5] ).
Moreover, given two C*-algebras A 1 and A 2 with Cartan subalgebras B 1 ⊆ A 1 and B 2 ⊆ A 2 , we write (A 1 , B 1 ) ∼ = (A 2 , B 2 ) if there exists an isomorphism ϕ :
Proposition 2.3. Let B 1 and B 2 be Cartan subalgebras of an n-homogeneous C*-algebra A over T . As B 1 and B 2 are C*-algebras of continuous sections of locally trivial D n -bundles over T , they correspond to principal Aut (M n , D n )-bundles β 1 and β 2 . We have (A, B 1 ) ∼ = (A, B 2 ) if and only if
Proof. Let A be the M n -bundle corresponding to A, and 
Conversely, if β 1 ∼ = β 2 , then for the M n -bundles A i and D n -bundles B i attached to β i (i = 1, 2), we obtain an isomorphism A 1 ∼ = −→ A 2 sending B 1 to B 2 . Passing over to the C*-algebras of continuous sections, we get (A, B 1 ) ∼ = (A, B 2 ) because the C*-algebras of continuous sections for A 1 and A 2 are both isomorphic to A.
We summarize our discussion as follows: Fix a base space T (a locally compact Hausdorff space, as above). Consider the canonical map C from isomorphism classes of principal Aut (M n , D n )-bundles over T to isomorphism classes of principal Aut (M n )-bundles over T , sending the isomorphism class of a principal Aut (M n , D n )-bundle α over T to the isomorphism class of the principal Aut (M n )-bundle constructed from α and the canonical action Aut (M n , D n ) Aut (M n ) by left multiplication. Here our isomorphisms are allowed to induce non-trivial homeomorphisms on T .
By Proposition 2.2, the n-homogeneous C*-algebras over T which have a Cartan subalgebra correspond exactly to the principal Aut (M n )-bundles which are in the image of C. Given [α] ∈ im (C) (here we denote isomorphism classes by [·]), let A be the corresponding n-homogeneous C*-algebra. Two Cartan subalgebras B 1 and B 2 in A are called equivalent if (A, B 1 ) ∼ = (A, B 2 ). By Proposition 2.3, the equivalence classes of Cartan subalgebras in A are in one-to-one correspondence with the pre-image
We can also rephrase this observation using the language of classifying spaces, as long as our base spaces are CW-complexes. Let G = Aut (M n ) and
Here U(n) is the (topological) group of unitary n × n-matrices over C, and T sits in U(n) as diagonal matrices. This identifies T with the center of U(n). For H, S n is the group of permutations of {1, . . . , n}, acting on T n in the canonical way. This gives rise to the semidirect product T n ⋊ S n . Again, we embed T into T n , and hence into T n ⋊ S n in a canonical way as diagonal matrices. Let [Homeo(T )] be the image of the group of homeomorphisms of T in the set of homotopy classes [T, T ] of continuous maps from T to T . We view [Homeo(T )] as a group under composition. Using [25, Chapter 4, § 13], the map C from above becomes the following map induced by the inclusion H ֒→ G:
where BH and BG are the classifying spaces of H and G, and [Homeo(T ) acts on [T, BH] and [T, BG] by pre-composition. As we have seen above, the discussion of existence and uniqueness of Cartan subalgebras in n-homogeneous C*-algebras over T boils down to studying the image and pre-images of the map (1), in exactly the same way as we explained above. 6 2.2. Cartan subalgebras in homogeneous C*-algebras over spheres. Let us now restrict to the case where our base space T is given by the k-sphere
is the set of continuous maps S k−1 → H, and we define an equivalence relation by saying c 1 ∼ c 2 if there is h ∈ H such that c 1 and
As explained in [25, Chapter 8, Theorem 8.2], these one-to-one correspondences are established by decomposing S k into upper and lower hemispheres, finding a trivialization of our principal bundle over these hemispheres, and taking the ∼-class of the resulting transition function on S k−1 . Here we embed
. Thus the map C introduced above corresponds to the canonical map
Note that all the maps in C(S k−1 , H) and C(S k−1 , G) are supposed to send a fixed based point of S k−1 to the identity (in H or G, respectively). Also note that strictly speaking, [25] only discusses isomorphism classes of principal bundles under isomorphisms which induce the identity on the base space. However, every homeomorphism S
, because the homotopy class is determined by the degree. Both of these maps restrict to the identity on S k−1 , which we embed into
. Therefore, the action of [Homeo(S k )] is trivial, and in our case of spheres, it does not matter whether we allow isomorphisms of principal bundles to induce non-trivial homeomorphisms on the base space or not.
Using this, isomorphism classes of n-homogeneous C*-algebras over spheres were studied in [27] . As explained in [27] , it turns out that isomorphism classes of principal G-bundles over S k are in one-to-one correspondence to elements in π k−1 (G). In particular, every n-homogeneous C*-algebra over S 1 is trivial, i.e., is isomorphic to C(S 1 , M n ). Over S 2 , there are exactly n isomorphism classes of n-homogeneous C*-algebras, and an explicit list of such C*-algebras, one from each isomorphism class, is given in [27] .
In the following discussion, let us use the more precise notation H n := Aut (M n , D n ) and G n := Aut (M n ). Our goal is to determine the (number of) isomorphism classes of principal H n -bundles over spheres. We then apply our findings in § 2.1 to study existence and uniqueness of Cartan subalgebras in n-homogeneous C*-algebras over spheres.
Let us start with k = 1. It is clear that |C(S 0 , H n )/ ∼ | is given by p(n), the number of conjugacy classes of S n , which is the same as the number of partitions of {1, . . . , n}. Therefore, we see that the n-homogeneous C*-algebra C(S 1 , M n ) has exactly p(n) pairwise inequivalent Cartan subalgebras. An explicit construction of these Cartan subalgebras is given as follows: Decompose
). Choose representatives σ 1 , . . . , σ p(n) for the conjugacy classes of S n . For every 1 ≤ i ≤ p(n), we obtain a D n -bundle B i over S 1 by gluing together the trivial D n -bundles on
give rise to a complete list of pairwise inequivalent Cartan subalgebras B 1 , . . . , B p(n) of C(S 1 , M n ) up to equivalence. For n = 2, we obtain the trivial bundle and the Möbius bundle.
Let us consider k = 2. As we only consider continuous maps in C(S 1 , H n ) sending a fixed based point of S 1 to the identity of H n , we have
Moreover, combining this observation with the discussion in [27] , it is clear that the map C(
2 , every n-homogeneous C*-algebra has a Cartan subalgebra, and it is unique up to equivalence.
Finally, we turn to the remaining case k > 2. As in the case k = 2, we have
This shows that over S k , for k > 2, only the trivial n-homogeneous C*-algebra C(S k , M n ) has a Cartan subalgebra. Moreover, up to equivalence, C(S k , M n ) has a unique Cartan subalgebra given by C(S k , D n ). This gives a conceptual explanation for Gregson's and Natsume's examples of homogeneous C*-algebras over spheres which do not admit Cartan subalgebras (see [23, § 2.2.5] and the appendix of [29] ).
Exactly the same methods allow us to study Cartan subalgebras of ℵ 0 -homogeneous C*-algebras over spheres, at least those where the Cartan pair admits a local trivialization. First of all, fix a countably infinite dimensional Hilbert space H and let K := K(H) be the C*-algebra of compact operators on H. ℵ 0 -homogeneous C*-algebras over spheres correspond to locally trivial K-bundles, and two such ℵ 0 -homogeneous C*-algebras are isomorphic if their Dixmier-Douady invariants coincide (see for instance [2, Theorem IV.1.7.15]). We know that
, every ℵ 0 -homogeneous C*-algebra is trivial, i.e., isomorphic to C(S k , K), while there are countably infinitely many pairwise non-isomorphic ℵ 0 -homogeneous C*-algebras over S 3 . Moreover, by [50] (see also [52, § 6.4] ), every ℵ 0 -homogeneous C*-algebra over S k has a Cartan subalgebra. Since ℵ 0 -homogeneous C*-algebras A over a finite dimensional second countable Hausdorff locally compact space T are classified up to isomorphism by their Dixmier-Douady invariant δ(A) ∈ H 3 (T, Z), it suffices to construct a groupoid model for such an algebra. We realize the class δ(A) in H 3 (T, Z) as aČech cocycle (σ ijk ) on an open cover (U i ) i∈I of T ; thus σ ijk is a continuous T-valued function defined on U i ∩ U j ∩ U k . In order to get infinite fibers, we replace the index set I byĨ : I ×N and write U (i,n) := U i . We let X := {(ĩ, t) ∈Ĩ ×T : t ∈ U˜i} be the disjoint union of the U˜is and π : X → T be the second projection. It is a local homeomorphism with infinite fibers. The associatedétale equivalence relation R = X × T X carries the twist defined by the 2-cocycle σ ∈ Z 2 (R, T) defined by σ((ĩ, t), (j, t), (k, t)) = σ ijk (t). The twisted groupoid C*-algebra C * (R, σ) has C(X) as a Cartan subalgebra. Since π : X → T is usually not a covering map, the corresponding Cartan pair usually does not admit local trivializations. Also, another choice of open cover may give another Cartan pair. However, the twisted groupoids obtained from this construction are all equivalent.
Note that the C*-algebras attached to groupoids twisted by a 2-cocycle are a special case of C*-algebras of twisted groupoids. [49, Chapter I, Proposition 1.14] explains how to construct the twist Σ = E σ from a 2-cocycle σ. In that case, Σ is a trivial principal T-bundle. In fact, a twist Σ is of the form E σ if and only if it is a trivial principal T-bundle. As an example of a twist which is not given by a 2-cocycle, just consider a non-trivial principal T-bundle over a space G = X.
Let us study existence and uniqueness of Cartan subalgebras of ℵ 0 -homogeneous C*-algebras where the corresponding Cartan pairs admit local trivializations. Let D be a fixed Cartan subalgebra of K. It does not matter which one we choose as every two such Cartan subalgebras are equivalent. Given an ℵ 0 -homogeneous C*-algebra A over T and a Cartan subalgebra B, we let A and B be the corresponding K-and Dbundles over T . Recall that a local trivialization of (A, B) is a covering of T by open subsets W together with isomorphisms
Here S ∞ is the group of permutations of {1, 2, . . .}. The same argument as in the finite homogeneous case shows that over T = S k , ℵ 0 -homogeneous C*-algebras are in one-to-one correspondence with C(S k−1 , G)/ ∼ . Moreover, an ℵ 0 -homogeneous C*-algebra has a Cartan subalgebra such that the corresponding Cartan pair has a local trivialization if and only if it corresponds to an element in C(S k−1 , G)/ ∼ which lies in the image of the canonical map
, equivalence classes of Cartan subalgebras in the corresponding ℵ 0 -homogeneous C*-algebra are in one-to-one correspondence with the pre-image of that element under the canonical map
For k = 1, it is easy to see that C(S k−1 , H)/ ∼ is in one-to-one correspondence with conjugacy classes in S ∞ , and there are uncountably many of these. For k ≥ 2, we have
This shows that for k = 1, the up to isomorphism unique ℵ 0 -homogeneous C*-algebra C(S 1 , K) over S 1 has uncountably many Cartan subalgebras whose Cartan pairs admit local trivializations. For k = 2 or k ≥ 4, we see that the up to isomorphism unique ℵ 0 -homogeneous C*-algebra C(S k , K) over S k has C(S k , D) as its up to equivalence unique Cartan subalgebra whose Cartan pair admit a local trivialization. For k = 3, the only ℵ 0 -homogeneous C*-algebra over S 3 which admits a Cartan subalgebra whose Cartan pair has a local trivialization is the trivial one, i.e., isomorphic to C(S 3 , K). And up to equivalence, the Cartan subalgebra of C(S 3 , K) whose Cartan pair admit a local trivialization is given by C(S 3 , D). All the other non-trivial ℵ 0 -homogeneous C*-algebra over S 3 also have Cartan subalgebras, as we mentioned above. Therefore, these Cartan subalgebras do not have the property that the corresponding Cartan pairs admit local trivializations.
The case k = 3 shows that not every Cartan subalgebra of an ℵ 0 -homogeneous C*-algebra is such that the corresponding Cartan pair admits a local trivialization. It is also interesting to point out that for k = 4, by [27] , there exist non-trivial n-homogeneous C*-algebras over S 4 , for every n ≥ 2. By our previous discussion, these non-trivial nhomogeneous C*-algebras cannot have Cartan subalgebras. However, after stabilizing, i.e., tensoring with K, we obtain the trivial ℵ 0 -homogeneous C*-algebra over S 4 , because its Dixmier-Douady invariant has to vanish. And this trivial ℵ 0 -homogeneous C*-algebra obviously has a Cartan subalgebra. Thus we have just obtained an example of a C*-algebra which has no Cartan subalgebra, but whose stabilization admits a Cartan subalgebra.
Cartan subalgebras in group C*-algebras of certain connected Lie groups
The structure of reduced and full group C*-algebras of Lie groups have been studied by many authors (see for instance [18, 37, 26, 63, 43] ). Our aim is to show that many of these group C*-algebras have a Cartan subalgebra.
We start with the full group C*-algebra C * (SL(2, C)) of SL(2, C). Its structure has been determined in [18] . Recall that by [18, § 5] , the C*-algebra C * (SL(2, C)) can be described as follows: Let Z 1 := {(m, ρ) : m ∈ Z ≥0 , ρ ∈ R, ρ ≥ 0 if m = 0}, and endow Z 1 with the subspace topology of Z × R. Let Z 2 = [0, 1] with the usual topology. Define Z to be the topological space obtained from the disjoint union of Z 1 and Z 2 by identifying (0, 0) ∈ Z 1 with 0 ∈ Z 2 . Moreover, let H = ℓ 2 (Z ≥0 ) with canonical orthonormal basis e 0 , e 1 , e 2 , . . . , and let K be the closed subspace of H generated by {e n : n ≥ 1}. Let M : K → H be the unitary given by M(e n ) = e n−1 for all n ≥ 1. We write K(H) for the C*-algebra of compact operators on H. Let A be the C*-algebra of all a ∈ C 0 (Z, K(H)) satisfying the condition that
Let D be the C*-algebra of diagonal compact operators with respect to {e n : n ∈ Z ≥0 }, i.e., D = {T ∈ K(H) : T e n ∈ Ce n for all n ∈ Z ≥0 }. For g ∈ C 0 (R), f 0 ∈ C 0 (R) with f 0 (−1) = 1 and f 2 ∈ C 0 (R) with f 2 (2) = 1, consider the function n :
Here {e i,j } i,j are the canonical matrix units with respect to the orthonormal basis {e n } n .
It is clear that n ∈ A and n ∈ N A (B). Moreover, given a ∈ A arbitrary, we can find elements a i ∈ A in the linear span of elements n as above such that lim i→∞ (a − a i )(2, 0) = 0 and lim i→∞ (a − a i )(1) = 0. Therefore, it suffices to show that every a ∈ A with a(2, 0) = a(1) = 0 lies in the C*-algebra generated by N A (B) . The collection of these elements obviously forms the ideal I :
. It is clear that I ∩ B is a Cartan subalgebra of I. In particular, I is generated as a C*-algebra by N I (I ∩ B). Hence all we have to show is N I (I ∩ B) ⊆ N A (B). Choose h ∈ N I (I ∩ B) and b ∈ B. Moreover, let h λ ∈ I ∩ B be an approximate unit for I. Then nbn
To cover more group C*-algebras of Lie groups, we prove the following general result: Let M be a locally compact Hausdorff space. Let H = ℓ 2 Z and {e i : i ∈ Z} be the canonical orthonormal basis of H. Let K(H) be the C*-algebra of compact operators on H and D the C*-algebra of compact operators on H which are diagonal with respect to {e i : i ∈ Z}. Assume that for every p ∈ M, we are given a decomposition H = H 1,p ⊕ . . . ⊕ H k(p),p . Moreover, suppose that there exists an open covering V of M such that for every V ∈ V, there is a continuous map V → U(H), p → U V p and there is a partition Z = P 1,p ⊔ . . . ⊔ P k(p),p for every p ∈ M with (2)
i ∈ Z for all V, W ∈ V and p ∈ V ∩ W . The latter condition allows us to define, for every
* , where V ∈ V satisfies p ∈ V (by (3), D p does not depend on the choice of V ). Define Proof. Our conditions allow us to work locally. And working locally, all we have to show is that given an open subset V of M, and a sub-C*-algebra
It is clear that B V has an approximate unit for A V , that B V is maximal abelian in A V , and that there is a faithful conditional expectation A V ։ B V . All we have to show is 11 that the normalizer N A V (B V ) = {n ∈ A V : nB V n * ⊆ B V and n * B V n ⊆ B V } generates A V as a C*-algebra. Given an arbitrary element a ∈ A V , let e i,j be the canonical matrix units attached to the orthonormal basis {e i : i ∈ Z}, and let d i ∈ C b (V, D) be given by d i (p) = e i,i for all p ∈ V . Obviously, a = lim n→∞ n i,j=1 d i ad j , and d i ad j clearly lies in N A V (B V ) for all i, j ∈ Z.
Using this, let us describe a Cartan subalgebra in C * (SL(2, R) ). The full C*-algebra of SL(2, R) has been described in [37] . We recall the description: Define
equipped with the subspace topology of C 2 , and
where Z ≥2 is endowed with the discrete topology. As above, let H = ℓ 2 Z. We use the same notation as above. For all p ∈ M, p = (0, 1), p = (1, 0), let k(p) = 1 and
To show that we can apply Proposition 3.2, let V = {M} and U M p := id H . Obviously, the conditions for Proposition 3.2 are satisfied. Let D be the C*-algebra of compact operators on H which are diagonal with respect to {e i : i ∈ Z}. We obtain Corollary 3.3. C 0 (M, D) is a Cartan subalgebra of A. In particular, C * (SL(2, R)) has a Cartan subalgebra.
Let us describe a Cartan subalgebra of the full group C*-algebra C * (G) of the universal covering group G of SL(2, R). Recall the description of C * (G) in [26] : Let M = {z ∈ C : 0 < |z| ≤ 1} ∪ [1, 2] equipped with the subspace topology of C. Let H = ℓ 2 Z and U the unilateral shift. Choose a self-adjoint operator T ∈ L(H) such that U = e 2πiT . Define
A 1 := {a ∈ A : a(p)e 0 = a(1)e 0 for all p ∈ [1, 2] and a(2) ∈ Ce 0,0 } . [26] .
and W := re 2πit : r ∈ (0, 1], t ∈ (0, 1) . 0, 1) ). In this way, we obviously obtain continuous maps V → U(H), p → U ), it is also obvious that (2) holds. For U V and p = e 2πit with t ∈ (− π 4
It is clear that
, 0), we have
and
it is again obvious that condition (2) is true.
Let us check condition (3). We have
Clearly, (3) holds for p ∈ V ∩ W of the form p = re 2πit with r ∈ (0, 1] and t ∈ (0, , 0), we have
Hence condition (3) holds as well.
Therefore, Proposition 3.2 applies and tells us that if we set
* for p ∈ W , then B := {b ∈ A : b(p) ∈ D p for all p ∈ M} is a Cartan subalgebra of A. Using this, it is now straightforward to check, using similar methods as in the proof of Proposition 3.1, that B ∩ A 1 is a Cartan subalgebra of A 1 . Thus, we obtain Corollary 3.4. The full C*-algebra of the universal covering group of SL(2, R) has a Cartan subalgebra.
Using the description of full group C*-algebras for covering groups with finite center of SO 0 (2, 1) in [26] , the same explanation as for Corollary 3.3 gives Corollary 3.5. The full group C*-algebra of a covering group with finite center of SO 0 (2, 1) has a Cartan subalgebra. Remark 3.6. Looking at the conjecture at the end of [26] , it seems that our method can be applied to show that for many connected semisimple Lie groups, the full group C*-algebras have Cartan subalgebras.
We now turn to reduced group C*-algebras of certain Lie groups. We use the descriptions of these C*-algebras in [4, 63, 43] . 13
Corollary 3.7. For every connected semi-simple Lie group with real rank one and finite center, the reduced group C*-algebra has a Cartan subalgebra.
Proof. By the description of these reduced group C*-algebras in [4, 63] , we see that they are of the form as in Proposition 3.2, but with k(p) equal to 1 or 2 for all p ∈ M, and if k(p) = 2, we can always choose H 1,p = ℓ 2 (Z ≤−1 ) and H 2,p = ℓ 2 (Z ≥0 ). Thus, Proposition 3.2 applies because we can simply choose the trivial cover V = {M} and the constant map U M ≡ id H . Corollary 3.8 (Corollary to Proposition 4.1 in [43] ). For every connected, complex semi-simple Lie group, the reduced group C*-algebra has a Cartan subalgebra.
Proof. Because of [43, Proposition 4 .1], these reduced group C*-algebras are trivial ℵ 0 -homogeneous C*-algebras. Hence they obviously admit Cartan subalgebras. Question 3.9. Is there a conceptual explanation why the group C*-algebras of (many) connected Lie groups have Cartan subalgebras?
4. Non-existence of C*-diagonals and Cartan subalgebras in certain reduced group C*-algebras
Using non-existence results for Cartan subalgebras in certain group vN-algebras [64, 24, 40, 41, 42, 46, 47, 3] , we show that certain reduced group C*-algebras have no diagonals, or even stronger, no Cartan subalgebras.
Let G be anétale second countable locally compact Hausdorff groupoid, and suppose that we are given a twist
As explained in [52] , every Cartan pair is of the form (C * r (G, Σ), C 0 (G (0) )), where G is in addition assumed to be topologically principal. For the notion of twists and the construction of C * r (G, Σ), we refer to [52] and the references therein.
4.1.
Traces on twisted groupoid C*-algebras. Let X := G (0) , and for simplicity, let us assume that X is compact. Let S ⊆ G be an open bisection, i.e., the range and source maps restrict to homeomorphisms r| S : S → r(S) and s| S : S → s(S). Let α S be the homeomorphism s(S) → r(S), x → r((s| S ) −1 (x)). It is easily checked that a Borel measure µ on X is invariant in the sense of [49, Definition I.3.12] if and only if for every open bisection S in G and every f ∈ C 0 (r(S)), we have r(S) f dµ = s(S) f • α S dµ. In other words, we have µ| r(S) = α S (µ| s(S) ). Now let τ be a trace on C * r (G, Σ). τ | C(X) corresponds to a probability measure µ on X. The following lemma is certainly wellknown, but we include this result for completeness and because we were not able to locate a reference. Proof. Let f ∈ C c (s(S)) be positive. Define g ∈ C c (j
We have g * g
. At the same time, since
Now let us assume that, in addition to the assumptions above, G is also topologically principal. Let E : C * r (G, Σ) ։ C(X) be the canonical faithful conditional expectation. Moreover, let µ be an invariant probability measure on X, viewed as a state on C(X). Proof. As in [52] , we denote by C c (G, Σ) the set of compactly supported, continuous functions f : Σ → C such that f (zζ) = f (ζ)z. Given f ∈ C c (G, Σ), we set supp (f ) := {γ ∈ G : f (ζ) = 0 for all ζ ∈ Σ with j(ζ) = γ}. Now, to prove the lemma, it suffices to show that (µ • E)(f * g) = (µ • E)(g * f ) for all f, g ∈ C c (G, Σ) such that supp (f ) ⊆ S and supp (g) ⊆ T for some open bisections S and T . For x ∈ X, we have (f * g)( Proof. It suffices to show that for f ∈ C c (G, Σ) with f | X ≡ 0, we have τ (f ) = 0. Since G is principal, G\X can be covered by open bisections S with s(S)∩r(S) = ∅. So we may assume that supp (f ) ⊆ S for such an open bisection S. Choose h ∈ C(X) such that supp (h) ⊆ s(S) and
and h| r(S) ≡ 0, we must have h(ζη −1 ) = 0 and
Corollary 4.4. Let A be a separable C*-algebra. Let B ⊆ A be a Cartan subalgebra with faithful conditional expectation E : A ։ B. Assume that B is a C*-diagonal or that A has unique trace. Then we have τ = τ • E for every trace τ on A.
4.2.
A relationship between C*-diagonals and Cartan subalgebras in vN-
։ G be as above. Let c : G → Σ be a Borel map such that j • c = id G (i.e., c is a section for j), c| X = id X and c(g
Existence of such a Borel section was shown in the proof of [38, Lemma 3.2] . We then have for every ζ ∈ Σ: j(ζc(j(ζ)) −1 ) = r(j(ζ)), so that there is a Borel map t : Σ → T such that ζ = t(ζ)c(j(ζ)) for all ζ ∈ Σ. Set σ :
. σ is a normalized cocycle in the sense of [16, § 7] . Moreover, let µ 15 be a S(G)-invariant Borel probability measure on X. Set B := C(X), A := C * r (G, Σ) and let E : A ։ B be the unique faithful conditional expectation. Set τ := µ • E. τ is a trace on A by Lemma 4.2. Let π := π τ be the GNS representation of A attached to τ , and denote by H := H π the underlying Hilbert space. Finally, let R be the equivalence relation on X corresponding to G, i.e., R = {(r(g), s(g)) ∈ X × X : g ∈ G}.
Lemma 4.5. π(A) ′′ ∼ = M(R, σ).
Here π(A) ′′ is the von Neumann algebra generated by π(A) in L(H), and M(R, σ) is the von Neumann algebra constructed in [17] .
Proof. Let ν be the right counting measure of µ as in [16, Theorem 2] . Since we have a Borel isomorphism G ∼ = R, g → (r(g), s(g)), we may view ν as a measure on G or R, and we have
Note that underlying this observation is the isomorphism of Borel groupoids T × σ G → Σ, (z, g) → zc(g), with inverse given by (t(ζ), j(ζ)) ← ζ. Here T × σ G is the groupoid with multiplication given by
Secondly, it is straightforward to check that Uπ(A) ′′ U * = M(R, σ).
Using [52, Proposition 5.11] and Lemma 4.3, we obtain
Corollary 4.6. Let A be a separable C*-algebra, B ⊆ A a C*-diagonal. Let τ be a trace on A. Let π := π τ be the GNS representation of A attached to τ . Then π(A) ′′ has a Cartan subalgebra (in the sense of vN-algebras).
In other words, if π(A)
′′ has no Cartan subalgebra (in the sense of vN-algebras), then A cannot admit C*-diagonals. In particular, this applies to reduced group C*-algebras if the corresponding group vN-algebras have no Cartan subalgebras. Classes of examples of groups with this property are given in [8, 40, 41, 42, 46, 47] , to mention just a few. For instance, we obtain: Corollary 4.7. Let Γ be a discrete group with property (HH) + in the sense of [42] , or let Γ be an icc hyperbolic group. Then C * r (Γ) has no C*-diagonal. In particular, this applies to non-abelian free groups. However, we will see later on that for non-abelian free groups, and actually for many more of the groups mentioned in Corollary 4.7, the reduced group C*-algebras have no Cartan subalgebras.
4.3.
Non-existence of Cartan subalgebras in certain reduced group C*-algebras. Our goal now is to show non-existence of Cartan subalgebras, not only diagonals, in certain reduced group C*-algebras. This builds on recent results about Cartan subalgebras in von Neumann algebras in [3] , which go back to [64, 24, 40, 41, 42, 46, 47] .
We start with the following observation: Let G and T×G 1 for all g ∈ G as before. Assume that G is topologically principal, and let E : C * r (G, Σ) ։ C(X) be the 16 faithful conditional expectation. Let τ be a trace on C * r (G, Σ) and µ the corresponding measure on X. Let (π, H π ) be the GNS representation of τ . Let ν be the measure on G given by G f dν = X γ∈G x f (γ)dµ(x). Just as in the proof of Lemma 4.5, we obtain
Since we can cover G by countably many open bisections, we can find a cover of G by countably many pairwise disjoint Borel subsets S i ⊆ G which are bisections, i.e., G = i S i . It is clear that ν| S i is the pushforward of µ| r(S i ) under (r|
Clearly, X j are Borel subsets of G because all the S i s are. Define I j := {1, . . . , j} for j ∈ N and I j := N if j = ∞. Then we have a canonical unitary
Lemma 4.10. Assume that τ is a faithful trace on C * r (G, Σ), and that π(C * r (G, Σ)) ′′ is a II 1 -factor. Then µ is non-atomic. In particular, π(C(X)) ′′ is diffuse.
Proof. Assume that µ is atomic, so that µ {x} > 0 for some x ∈ X. As µ is a probability measure on X which is S(G)-invariant by Lemma 4.1, we deduce that the orbit O(x) := {r(γ) : γ ∈ G x } is finite. But that would imply that the characteristic function 1 O(x) of the orbit of x lies in the center of π(C * r (G, Σ)) ′′ , which is given by C1 by assumption. Hence 1 O(x) = 1. This means that X = O(x) is finite because τ is faithful. Hence G must be finite, because otherwise G could not be topologically principal. The conclusion is that π(C * r (G, Σ)) is finite dimensional and hence π(C * r (G, Σ))
′′ cannot be a II 1 -factor.
Corollary 4.11. Let Γ be a countable discrete group. Assume that Γ is torsion-free. Furthermore, suppose that Γ is non-amenable, and that Γ has the CMAP and admits a proper 1-cocycle into an orthogonal representation that is weakly contained in the regular representation. Then C * λ (Γ) has no Cartan subalgebra. In particular, for r ≥ 2, C * λ (F r ) has no Cartan subalgebra, and more generally, icc hyperbolic hyperbolic groups have no Cartan subalgebras. More examples where Corollary 4.11 applies appear in [42] .
Proof. First of all, our assumptions imply that C * λ (Γ) has unique trace: As Γ is nonamenable, and because Γ has the CMAP and admits a proper 1-cocycle into an orthogonal representation that is weakly contained in the regular representation, we know that Γ has the property strong (HH) + , in the sense of [42, Definitions 1] . Hence, by [42, Corollary 2.2], Γ has no infinite normal amenable subgroups. As Γ is in addition torsion-free, Γ has no non-trivial normal amenable subgroups. In other words, the amenable radical of Γ is trivial. By [5, Theorem 1.3], we conclude that C * λ (Γ) has unique trace.
Write A = C * λ (Γ). Assume that A has a Cartan subalgebra B, and let E : A ։ B be the faithful conditional expectation. Then we can find a groupoid G with compact unit space X := G (0) and a twist Σ of G such that (A, B) ∼ = (C * r (G, Σ), C(X)). Let µ be the probability measure on X corresponding to the state τ | C(X) . Since C * λ (Γ) has unique trace, we must have τ = τ • E (see Corollary 4.4). Moreover, let π be the GNS representation for τ , so that π(C * λ (Γ)) ′′ = LΓ. By Lemma 4.9, we have π(B) 
At the same time, it is clear that sN LΓ (π(B) ′′ ) contains π(N A (B)), where
Since B is a Cartan subalgebra in A, we know that N A (B) generates A as a C*-algebra, so that LΓ = π(N A (B)) ′′ = (sN LΓ (π(B) ′′ )) ′′ is amenable. This cannot be true as Γ is not amenable. Question 4.12. Is there a C*-algebraic proof for the observation that for r ≥ 2, C * λ (F r ) has no Cartan subalgebra?
Non-uniqueness of Cartan subalgebras
Now let us present several classes of C*-algebras which have infinitely many pairwise inequivalent Cartan subalgebras.
The following is a consequence of [9] : Proposition 5.1. Let A be a unital separable C*-algebra. Assume that A has a Cartan subalgebra B with dim Spec (B) < ∞. If A ∼ = A ⊗ Z, then A has infinitely many pairwise inequivalent Cartan subalgebras.
Here dim stands for covering dimension, and Z is the Jiang-Su algebra. • Generalized Bunce-Deddens algebras in the sense of [39] , i.e., crossed products C(Γ) ⋊ r Γ attached to odometer actions Γ Γ of residually finite amenable groups on their profinite completions. Z-stability follows from [39, 44] and [62, Corollary 6.4 ].
• Crossed products C(X) ⋊ r Γ attached to free minimal actions of finitely generated nilpotent infinite groups Γ on finite dimensional compact spaces X. Zstability follows from [61, 67] .
• Examples of C*-algebras attached to equivalence relations constructed recently in [48] . By construction, these C*-algebras have Cartan subalgebras isomorphic to algebras of continuous functions on the Cantor space. It is shown in [48] that these C*-algebras are tracially AF, hence Remark 5.3. Since the irrational rotation C*-algebras are Z-stable, the previous proposition shows that these C*-algebras have infinitely many pairwise inequivalent Cartan subalgebras. A. Kumjian had already shown in his 1980 PhD thesis, published as [28] , that these algebras have diagonals whose spectrum is a disjoint union of an arbitrary finite number of circles. He gives an explicit construction of these diagonals. The second author thanks him for explaining it to him. First, given a countable subgroup Γ of R, one defines the groupoid of the action of Γ on R by translation
As a set, it is isomorphic to R × Γ; one equips it with the product topology, where Γ has the discrete topology. Let α be an irrational number and let G = G(Z + αZ). Fix a positive element s ∈ Z + αZ. Since the action of the subgroup sZ on R is free and proper, the space Z(s) = G/G(sΓ) is a principal G-space. Its quotient space is Z(s)/G = R/sZ. The construction of Section 3 of [51] produces a C*-module E(s) = C * (Z(s)) over C * (G). Its algebra of compact operators A(s) is the C*-algebra of the groupoid (Z(s) * Z(s))/G, which is the groupoid of the action of the quotient group (Z + αZ)/sZ on R/sZ. It is an irrational rotation C*-algebra if s = p + αq with (p, q) relatively prime. Otherwise, it is a matrix algebra over an irrational rotation C*-algebra. The crucial Lemma of Section 9 of [28] constructs an isometry from E(s + t) onto E(s) ⊕ E(t) for positive s, t ∈ Z + αZ. The existence of such an isometry can also be deduced from the cancellation theorem for projective modules over the irrational rotation C*-algebras of [53] . Let B(s) be the canonical diagonal of A(s), viewed as the groupoid C*-algebra C * ((Z(s) * Z(s))/G). Then A(s + t) has a diagonal isomorphic 19 to B(s) ⊕ B(t). In particular, A(1), which is the C*-algebra of the rotation 2πα, has a diagonal whose spectrum is the disjoint union of two circles. Repeating the process, one can obtain a diagonal whose spectrum is the disjoint union of an arbitrary finite number of circles.
Remark 5.4. Further examples of C*-algebras with inequivalent Cartan subalgebras can be found in [21] (see the second remark after [21, Theorem 2.4]) and [45] . These C*-algebras are given as crossed products attached to certain topological dynamical systems with acting group Z.
We present another non-uniqueness result for Cartan subalgebras. The difference to the previous result is that this time, we will find infinitely many pairwise isomorphic, but inequivalent Cartan subalgebras.
First of all, we need realizations of UCT Kirchberg algebras as groupoid C*-algebras. This has been achieved by various authors. In the following, let us formulate a version which is suitable for our purposes. Moreover, we explain how this version follows from [58, 59] . The only difference to [58, 59 ] is that we want groupoid models (with prescribed additional properties) in the unital case as well.
Lemma 5.5. For every unital UCT Kirchberg algebra A, there exists anétale second countable locally compact Hausdorff groupoid G such that (i) C * r (G) ∼ = A; (ii) G (0) is homeomorphic to the Cantor space; (iii) G is topologically principal; (iv) for every x ∈ G (0) , the stabilizer group G x x is free abelian of rank at most 2. Proof. This is a slight modification of the construction in [58] . Set (G 0 , g, G 1 ) := (K 0 (A), [1] , K 1 (A)).
Using [59] , find countable, irreducible graphs E 0 , E 1 , F 0 and F 1 with a (unique) vertex emitting infinitely many edges, together with vertices v in E 0 and w in F 0 such that
. Now apply the construction in [58] . We obtain a "graph-like" (or rather "2-graph-like") object Ω out of the 2-graphs E 0 × F 0 and E 1 × F 1 . For Ω we have a notion of finite paths, denoted by Ω * , and a length function l : Ω * → N 2 (where N = {0, 1, 2, . . .}). We also have infinite paths in Ω, and we can equip the set X of infinite paths with a natural topology such that X becomes a totally disconnected, second countable, locally compact Hausdorff space with no isolated points. Moreover, there is an obvious way to concatenate finite paths with infinite paths, denoted by µz for a finite path µ and an infinite path z. We can then define the groupoidG consisting of all triples (x, n, y) ∈ X × Z 2 × X for which there exist finite paths µ, ν and an infinite path z such that x = µz, y = νz and l(µ) − l(ν) = n. Inversion and multiplication are given 20
by (x, n, y) −1 = (y, −n, x) and (x, m, y)(y, n, z) = (x, m + n), z). In particular, the unit space ofG is given by all triples (x, 0, x), x ∈ X, and is canonically homeomorphic to X. Spielberg shows in [58] thatG is topologically principal and that C * r (G) is a stable UCT Kirchberg algebra and that there is canonical inclusion The unit space of G is obviously given by Z and hence homeomorphic to the Cantor space as Z is totally disconnected, second countable, compact Hausdorff and has no isolated points. Moreover, G has properties (iii) and (iv) because it is equivalent toG which has the same properties.
With the help of this lemma, we obtain the desired non-uniqueness result for Cartan subalgebras in unital UCT Kirchberg algebras. Proposition 5.6. Every unital UCT Kirchberg algebra has infinitely many pairwise inequivalent Cartan subalgebras, whose spectra are all homeomorphic to the Cantor space.
Proof. Let A be a unital UCT Kirchberg algebra. By Lemma 5.5, we can find a groupoid G with G (0) homeomorphic to the Cantor space such that C * r (G) ∼ = A and for every x ∈ G (0) , the stabilizer group G x x = {γ ∈ G : r(γ) = s(γ) = x} is a free abelian group with sup x∈G (0) rk G 
